We find new supersymmetric backgrounds of N = 8 gauged supergravity in four Euclidean dimensions that are dual to deformations of ABJM theory on S 3 . The deformations encode the most general choice of U (1) R symmetry used to define the theory on S 3 . We work within an N = 2 truncation of the N = 8 supergravity theory obtained via a group theory argument. We find perfect agreement between the S 3 free energy computed from our supergravity backgrounds and the previous field theory computations of the same quantity based on supersymmetric localization and matrix model techniques.
Introduction
The past few years have seen much progress in our understanding of supersymmetric quantum field theories in 2 + 1 space-time dimensions. From the perspective of string theory and the AdS/CFT duality [1] [2] [3] , a significant result was the discovery of (2 + 1)-dimensional superconformal field theories (SCFTs) on N coincident M2-branes placed at the tip of various Calabi-Yau cones. The simplest example is the case where the Calabi-Yau cone is C 4 /Z k and the dual SCFT is the ABJM theory, a U (N ) k × U (N ) −k Chern-Simons-matter gauge theory with N = 6 supersymmetry [4] (for a review, see for instance [5] ; for earlier work, see [6] [7] [8] [9] [10] [11] [12] ). Independent of string theory, there have also been new exact results such as computations of partition functions of supersymmetric theories on curved manifolds [13, 14] that use the technique of supersymmetric localization introduced in [15, 16] , as well as a procedure called F -maximization [17] [18] [19] . F -maximization states that in N = 2 SCFTs, the U (1) R symmetry that appears in the superconformal algebra is precisely the one that maximizes F = − log |Z S 3 |, Z S 3 being the partition function on S 3 , over the set of all possible U (1) R-symmetries. The present paper searches for an AdS/CFT interpretation of F -maximization, where it focuses on the particular case of ABJM theory and its supergravity dual.
In N = 2 notation, the matter content of the U (N ) k × U (N ) −k ABJM theory consists of two bifundamental chiral multiplets Z a , a = 1, 2, transforming in the representation (N, N) of the gauge group and two bifundamental chiral multiplets W b , b = 1, 2, transforming in the conjugate representation (N,N). The most general choice of a U (1) R symmetry group within the global symmetry group of ABJM theory involves three parameters. These parameters determine an assignment of R-charges [18] .
only an OSp(2|2) × SU (2) super-algebra that contains U (1) R ⊂ OSp(2|2). The reason why the S 3 Lagrangian depends on the U (1) R charges is that the minimal algebra on S 3 that includes four supercharges must also include a U (1) R symmetry, in stark contrast with the flat space situation.
For a general choice of U (1) R , the theory on S 3 will not be conformal. The theory is conformal only when R[Z a ] = R[W b ] = 1/2, as can be deduced from the embedding of OSp(2|2) × SU (2) into the superconformal algebra OSp(6|2, 2) corresponding to N = 6 superconformal symmetry. (When k = 1, 2 the superconformal algebra is enhanced further to OSp(8|2, 2) corresponding to N = 8 superconformal symmetry.) If one did not know that the superconformal ABJM theory had more than N = 2 supersymmetry, one would have to resort to F -maximization to determine which U (1) R charges correspond to the superconformal theory. Using matrix model techniques that build on the supersymmetric localization results of [13, 17] , it was found to leading order in N that [18] 
2) when the Chern-Simons level is k = 1, which is the case we will focus on from here on. Under the constraint (1.1), this expression is maximized for the free-field values R[Z a ] = R[W b ] = 1/2, which correspond to the superconformal theory. For any other choice of the U (1) R charges, the S 3 theory is not conformal, and we can think of it as a relevant deformation of the superconformal one.
In the large N approximation, the M-theory dual of the superconformal ABJM theory with k = 1 is given by the AdS 4 × S 7 vacuum of eleven-dimensional supergravity. 2 Instead of working in eleven dimensions, we work within a consistent truncation of N = 8 gauged supergravity in four dimensions [20] and find a three-parameter family of classical solutions dual to the general deformation of ABJM theory discussed above. The acid test of our work is the agreement between the S 3 free energy F calculated from supergravity with the field theory expression (1.2). In particular, when the free energy is maximized, the bulk geometry becomes (Euclidean) AdS 4 (more correctly, the hyperbolic space H 4 ), with the expected superconformal symmetry.
Our classical supergravity solutions describe holographic RG flows that start from the superconformal ABJM theory in the UV, but never reach a true IR limit, because on S 3 one cannot probe distances larger than the radius of the sphere. These solutions are nevertheless smooth: the three-sphere shrinks to zero size smoothly at some value of the holographic radial coordinate. (See [21] [22] [23] for other supergravity solutions dual to field theories on compact spaces, where a similar phenomenon occurs.) In some sense, the existence of a largest length scale on S 3 prevents the appearance of a singularity in the bulk. 2 For arbitrary k the supergravity dual is AdS 4 × S 7 /Z k , and the eleven-dimensional supergravity approximation is valid as long as N k 5 [4] .
The AdS 4 solution of N = 8 gauged supergravity is invariant under the OSp(8|4) superalgebra, the same algebra as the dual ABJM theory at Chern-Simons level k = 1. The classical solutions we find are Euclidean solutions that break this large symmetry to the Euclidean superalgebra OSp(2|2) × SU (2) . In view of the discussion of F -maximization above, it suffices to look for a consistent N = 2 truncation of the theory of [20] . Our solutions involve only fields in the N = 2 truncation. We use symmetries to guide us to a truncated theory that contains the N = 2 gravity multiplet plus three U (1) gauge multiplets. The asymptotic values of the three complex scalars of the gauge multiplets determine a choice of R-charges in the perturbed ABJM theory on the boundary. Our supergravity solutions are extrema of the bosonic Euclidean action
where G 4 is the Newton constant in four dimensions, and L is a constant chosen such that one of the extrema of (1.3) is H 4 of radius L. The action for the scalar fields is a sigma model with
space. When L = ∞, it reduces to the well known stu-model [24, 25] . The action (1.3) may be completed to a gauged N = 2 supergravity model by adding appropriate gauge field 3 and fermion terms. In this form it contains a SO(2) R × SO(2) 3 residue of the SO(8) R symmetry of the parent N = 8 theory. The SO(2) R rotates the two gravitino fields and will be identified with the U (1) R of the deformed ABJM theory.
There are four main subtleties related to the action (1.3), its extrema, and their field theory interpretation. The first subtlety concerns the group theory needed to derive (1.3) as a consistent truncation of N = 8 gauged supergravity. The 70 real scalar fields of the N = 8 theory transform in the 35 v and 35 c representations of the SO(8) R symmetry, and they are customarily written as self-dual and anti-self dual fourth-rank antisymmetric products of the 8 s representation [20] . The field theory deformations we are interested in can be written as Lagrangian deformations in a formalism where only an SU (4) R subgroup of SO(8) R is manifest. Even if the whole SO(8) R were manifest, it would be more natural to write down these deformations as states in 35 v and 35 c represented as rank-two traceless symmetric products of 8 v and 8 c . Making the connection between the two ways of representing 35 v and 35 c and examining their decomposition under SU (4) R (and further subgroups thereof) requires a tedious group theory analysis. This analysis is needed to establish an explicit correspondence between the three z α appearing in (1.3) and their dual field theory operators written in terms of the bifundamental fields of the ABJM theory.
The second subtlety involves the Euclidean continuation of Lorentzian supergravity. It is well known that spinors ψ and ψ † that are related by complex conjugation in a Lorentzian theory become independent in its Euclidean continuation. The reason is that the isometry group of flat Euclidean space factors as SO(4) = SU (2) × SU (2), and group elements are described by the pair (U, V ) of 2 × 2 unitary matrices. Since ψ → U ψ, but ψ † → ψ † V −1 , we must allow ψ and ψ † to be independent. (This contrasts with the Lorentz group in which the (1/2, 0) and (0, 1/2) are conjugate representations.) Since fermions and bosons are linked by SUSY transformation rules, we must also allow formally conjugate boson fields to be independent. In particular, in the Euclidean action (1.3) one should treat as independent the complex fields z α and their would-be Lorentzian conjugatesz α . (Later we denote the conjugate scalars byz α to emphasize that they are not related to the z α ).
The third subtlety is related to holographic renormalization. One must choose a renormalization scheme that is consistent with supersymmetry. To find such a scheme one should understand how supersymmetry transformations act asymptotically on the fields z α andz α . A similar analysis was performed in [26] in Lorentzian signature and provides a different way of understanding that, up to a chiral rotation, supersymmetry requires the real and imaginary parts of z α to be quantized with opposite boundary conditions [27] . In our Euclidean setup it is z α −z α that should be quantized using regular boundary conditions and z α +z α that should be quantized using the alternate boundary conditions described in [28] .
The fourth subtlety is related to the last point just mentioned. It is not the renormalized bulk on-shell action that should be identified with the boundary free energy F , but instead its Legendre transform with respect to the leading asymptotic behavior of z α +z α . Such a Legendre transform was introduced in [28] , where it was explained that the Legendre transform is necessary for obtaining the correct correlation functions in the field theory whose gravity dual contains a scalar with alternate boundary conditions.
In the following sections we provide more detailed information. In section 2 we describe the field theory setup more carefully. An important viewpoint, advocated in [19, 29] , is that one should think of the three-parameter family of R-charge assignments (1.1) as complexified N = 2-preserving real mass deformations of ABJM theory with purely imaginary mass parameters. In three dimensions, a real mass deformation arises not from a superpotential but from the coupling of a U (1) current multiplet to a background N = 2 vector multiplet with SUSY-preserving expectation values for the scalar fields of the vector multiplet. In section 3 we derive an N = 2 consistent truncation of N = 8 gauged supergravity, which we further describe in an N = 1 formulation whose bosonic Lagrangian is (1.3). In section 4 we describe the analytic continuation to Euclidean signature and provide the Euclidean supersymmetry transformation rules. In section 5 we derive and solve the BPS equations that follow from these transformation rules. Lastly, in section 6 we perform holographic renormalization and give the field theory interpretation of our solutions. We will be able to reproduce (1.2) from a gravity calculation. Many of the details of our computations are relegated to the Appendices.
Field theory setup 2.1 N = deformations of ABJM theory
As mentioned in the introduction, ABJM theory with gauge group U (N )×U (N ) and ChernSimons levels (k, −k) for the two gauge group factors has N = 6 supersymmetry and global SU (4) R × U (1) b symmetry group. When k = 1, 2, this symmetry is enhanced to SO(8) R , and hence the theory has N = 8 supersymmetry. In the N = 2 formulation presented in [4] , the symmetry group that acts on the N = 2 super-fields is a
The SU (4) R × U (1) b symmetry becomes visible only when the Lagrangian is written in terms of the N = 2 super-field components [4, 30] .
In N = 2 notation, the field content of ABJM theory consists of the two U (N ) vector multiplets and four chiral multiplets that transform in bifundamental representations of the gauge group. An off-shell N = 2 vector multiplet (A i , σ, λ, D) in 3d consists of a vector field A i , a complex fermion λ, and two real scalars σ and D. 4 We denote the two U (N ) vector multiplets of ABJM theory by (A i , σ, λ, D) and (Ã i ,σ,λ,D). An N = 2 chiral multiplet (Z, χ, F ) consists of a complex scalar Z, a complex fermion χ, and an auxiliary complex scalar F . In ABJM theory we have two chiral multiplets (Z a , χ a , F a ), a = 1, 2, that transform in the (N, N) representation of the U (N ) × U (N ) gauge group, and two chiral multiplets (W a , η a , G a ), a = 1, 2, that transform in the conjugate representation (N,N). The gauge and global U (1) R × SU (2) × SU (2) × U (1) b charges of all the fields are summarized in Table 1 . The salient features are as follows. The U (1) R charges are those of free fields. The first SU (2) factor rotates the first pair of chiral multiplets, and the second SU (2) factor rotates the second pair. The U (1) b symmetry is generated by the topological current * tr(F +F ), where F andF are the field strengths of the two U (N ) gauge fields. The gauge-invariant objects with charge n contain monopole operators T (n) that turn on n of units of * tr(F +F ) flux through a two-sphere surrounding the insertion point. When k = 1, T
(1) transforms in (N,N) and T (−1) transforms in (N, N), and we can construct gauge-invariant operators such as tr(T (1) Z a ) and tr(T (−1) W b ). The global U (1) charges we listed in Table 1 are in the convention that the monopole T (1) and the anti-monopole T (−1) have equal charges-for more details, see [18] .
The Lagrangian of the superconformal ABJM theory consists of Chern-Simons kinetic terms for the two N = 2 vector multiplets, standard kinetic terms for the chiral multiplets Z a and W b , and superpotential interaction terms coming from a superpotential of the form
The superconformal R-charge assignment in Table 1 follows from the fact that W should have R-charge two and that the SO(8) R symmetry mixes together the Z a and W b .
In this paper we break the global symmetry group of ABJM theory to its maximal Abelian subgroup by considering an R-charge assignment different from that in Table 1 . The most general R-charge assignment consistent with the marginality of the superpotential (2.1) can be taken to be
2) where δ α are three parameters. One can think of (2.2) as a mixing of the canonical Rsymmetry from Table 1 with the diagonal
The U (1) R symmetry with charges (2.2) is still a symmetry of ABJM theory on R 2,1 , but this U (1) R symmetry is not the one that appears in the N = 2 superconformal algebra OSp(2|4) ⊂ OSp(8|4).
As explained in [17, 19, 29] , given a U (1) R symmetry (which in general can be taken to be a linear combination of a canonical U (1) R symmetry and other flavor U (1) symmetries, as in (2.2)) of an N = 2 theory on R 2,1 , one can construct a theory on S 3 that is invariant under OSp(2|2) r × SU (2) , where the bosonic part of OSp(2|2) r is U (1) R × SU (2) r and SU (2) × SU (2) r ∼ = SO(4) is the isometry group of S 3 .
5 Such a construction was performed in [17] at the level of a microscopic Lagrangian, and in [19, 29] more abstractly by coupling the flat space theory to a set of background fields. Following the approach in [17] , which we will explain shortly in section 2.2, the OSp(2|2) r × SU (2) -invariant Lagrangian of ABJM theory on S 3 with the R-charge assignment (2.2) is
Here, L SCFT is the Lagrangian of ABJM theory on S 3 with the canonical R-charge assignment corresponding to δ α = 0. The canonical R-charge assignment makes the theory superconformal, and L SCFT can be obtained by conformally coupling the flat space ABJM Lagrangian to curvature. In this paper we will find the supergravity dual of the theory with Lagrangian (2.3).
where
and
The terms involving σ andσ can be read off from (2.3) and were omitted in (2.6) for clarity. The perturbation (2.4) breaks SO(8) R to its maximal Abelian subgroup are the lowest components of the SUSY multiplet containing the conserved SU (4) R currents, so they have fixed scale dimension ∆ = 1. On the other hand, the operator O S is an SU (4) R singlet, and its scale dimension is not protected from loop corrections. There is no scalar dual to O S in the supergravity theory we construct in Section 3. Nevertheless, the precise match of the free energy calculations in the gravity dual and in the deformed QFT indicates that the dynamical effects of O S are included.
ABJM theory is invariant under a space-time parity symmetry that also exchanges the two gauge groups. Under this symmetry O 
The deformed Lagrangian from coupling to background vector multiplets
In this section we explain the construction of the deformed Lagrangian (2.3). Related arguments appear in [17, 29] .
An unusual feature of the deformed Lagrangian (2.3) is that the coefficients R[Z b ] − 1/2, etc., which appear as coupling constants, actually denote an assignment of R-charges to the elementary chiral operators of the ABJM theory. A useful viewpoint is that (2.3) describes ABJM theory on S 3 coupled to three background U (1) vector multiplets, which take supersymmetry-preserving expectation values.
Let us start with the simpler situation of a chiral multiplet (Z, χ, F ) interacting with an abelian vector multiplet (A i , σ, λ, D) and return to ABJM theory later. In Appendix D we outline a method to obtain this Euclidean theory via dimensional reduction from four dimensions and to modify the supersymmetry transformations and Lagrangian when the theory is defined on S 3 . The main results are that the Lagrangian on the three-sphere of radius a is
and that the supersymmetry algebra generated by Q and Q † is
where J i is an SU (2) r isometry of S 3 , σ i are the Pauli matrices, q is the gauge charge, and R is the U (1) R charge. The gauge charges of (Z, χ, F ) are +1, and the R-charges are (1/2, −1/2, −3/2), as appropriate for free fields. The conjugate fields (Z * , χ † , F * ) have opposite gauge and R-charges. The first and last terms in (2.8) correspond to the even generators of OSp(2|2) r ; the middle term is just a gauge transformation.
As noticed in [17] , one can also write down an S 3 Lagrangian that is invariant under a modified supersymmetry algebra generated by Q and Q † with 9) such that the U (1) R charges of a chiral multiplet are now (∆, ∆ − 1, ∆ − 2) for some given ∆. The modified Lagrangian is
This Lagrangian was obtained in [17] by direct computation.
A more conceptual way to derive (2.10) is [29] to notice that one can obtain (2.9) from (2.8) by shifting
and regarding (A i , σ , λ , D ) as a background vector multiplet which is set to
The background (2.12) is chosen so that it is invariant under supersymmetry. Indeed, the supersymmetry variations of the bosonic fields A i , σ , and D vanish automatically because they must be proportional to the fermions, which are set to zero. The supersymmetry variation of λ is
where is a left-invariant Killing spinor on S 3 (see (D.1)), and it can be easily seen that it also vanishes in the background (2.12). Since the supersymmetry variations of σ and D vanish, we can treat these quantities as coupling constants in the Lagrangian.
Let's return now to the case of ABJM theory that we are interested in here. The SCFT Lagrangian, obtained for free-field R-charge assignments, is that corresponding to the nonAbelian generalization of (2.7) for each of the chiral multiplets (Z a , χ a , F a ) and (W a , η a , G a ), as well as Chern-Simons kinetic terms for the vector multiplets and a superpotential interaction derived from (2.1). The most general R-charge assignment (2.2) is obtained by coupling ABJM theory to three background vector multiplets (A α i , σ α , λ α , D α ) and setting
Just like (2.12), this background also preserves supersymmetry. To reproduce (2.2) we should take the charges of the fields Z 1 , Z 2 , W 1 , W 2 (and of their SUSY partners) under the three background vector multiplets to be (1, 1, −1, −1), (1, −1, 1, −1), and (1, −1, −1, 1). The Lagrangian (2.3), or its equivalent form (2.4), is then immediately obtained by generalizing the simpler example of a single chiral multiplet charged under a U (1) gauge field that we presented above.
Some group theory
At Chern-Simons level k = 1, the SU (4) R × U (1) b internal symmetry of ABJM theory is enhanced to SO (8) (8) complicates the search for the correct correspondence. A group theory argument to solve this problem is presented in this section. It is a subtle argument, but it is not necessary to follow it closely in a first reading of this paper. The reader can pause to consider the result in (2.18) below and then proceed to the next section.
Since we want to construct the gravity dual of the perturbation (2.4), we need to know which supergravity fields correspond to the operators O (8) R symmetry, and according to the AdS/CFT dictionary each of them must be dual to a bulk scalar or pseudoscalar field. We match the bulk fields with the boundary operators by considering their transformation properties under a subgroup of SO(8) R that is broken by the perturbation (2.4). The simplest such subgroup is U (1) R × SU (2) × SU (2) × U (1) b , which we encountered before as the symmetry group acting on the N = 2 super-fields.
(From here on we make no distinction between the 2 and2 of SU (2) .) The justification of (2.15)-(2.16) is as follows. As mentioned above, if we write ABJM theory at level k in super-field components the global symmetry
, and the six supercharges corresponding to the N = 6 manifest supersymmetry transform in the 6 0 . When k = 1, SU (4) R × U (1) b is enhanced to SO (8) 17) where the indices are the U (1) R and U (1) b charges, and from the last expression on each line we omitted the terms that have non-zero U (1) b charge. See Table 2 for explicit expressions of the scalar and pseudo-scalar operators corresponding to the various terms on the right-hand side of (2.17) . Using this 
are states that belong, respectively, to the symmetric and anti-symmetric combinations of (1, 3) 0,0 and (3, 1) 0,0 . Specifically these operators have vanishing charges under the Cartan subalgebra of the product group precisely because they break SO(8) R to its Cartan subgroup and not any further.
At the level of linearized perturbations, the N = 8 supergravity theory contains 35 scalars and 35 pseudo-scalars packaged into the totally antisymmetric tensor Σ ijkl that satisfies the duality constraint (Σ * ) ijkl = ijklmnpq Σ mnpq . The indices of Σ ijkl are 8 s indices. The real and imaginary parts of Σ ijkl have different duality properties and transform in different 35-dimensional representations of SO (8). We can take the self-dual real part to transform in the 35 v , and the anti-self-dual imaginary part to transform in the 35 c .
We can take the U (1) R subgroup of SO(8) R to be given by SO(2) rotations of the 12 indices, and U (1) b to correspond to SO(2) rotations of the 34 indices. This assignment is consistent with the decomposition of the eight supercharges in the (4) 
is shown as follows. As explained above,
to the symmetric (anti-symmetric) combination of (3, 1) and (1, 3). In the fundamental representation of SO(4) the Cartan generators can be taken to be diag{1, −1, 1, −1} (as the zero weight state in (3, 1)) and diag{1, −1, −1, 1} (as the zero weight state in (1, 3) ). This implies that the symmetric (anti-symmetric) combination of (3, 1) and (1, 3) is therefore given by Σ 1256 (Σ 1278 ). Taking into account the duality property of Σ ijkl , the correspondence in (2.18) follows. 
with Σ ijkl a totally antisymmetric complex field satisfying the self duality condition (Σ * ) ijkl = ijklmnpq Σ mnpq that we introduced in section 2.3. In this section we work in Lorentzian signature.
Since the perturbed Lagrangian (2.3) preserves a U (1) R × U (1) 3 subgroup of SO (8), so should its supergravity dual. We can find the supergravity dual by first restricting the N = 8 theory to its U (1)
3 -invariant sector, 6 and then writing down and solving the BPS equations. As we explained in section 2.3, we take U (1)
3 to act as SO (2) rotations in the 34, 56, and 78 indices. The fields that survive the truncation are the metric g µν , 2 gravitinos ψ We now work out the bosonic Lagrangian of this N = 2 truncation. The four gauge fields are dropped because they play no role in the classical solutions we seek. 7 We take
and we set all the other independent components of Σ ijkl to zero. It is convenient to define the three complex fields
The bosonic part of the action, with the SO(8) tensors taken from [20] , is
where G 4 is the Newton constant in four dimensions. With the ansatz (3.2) a tedious computation yields
where instead of using the gauge coupling constant g we introduced the length scale L, normalized such that an extremum of this action is AdS 4 with radius of curvature L. The action for the scalar fields in (3.5) is a sigma model action with
This action is not new. The kinetic term for the scalars is familiar from the stu-model where it is determined by an N = 2 prepotential. The scalar potential is then fixed by N = 2 supersymmetry in the sense that it can be derived from the same prepotential: see, for example, section 3.2 of [31] .
An N = 1 formulation
Since the gauge fields in the N = 2 truncation of the previous section are not needed, it is convenient to pass to an N = 1 description. The N = 2 theory consists of a graviton multiplet and three vector multiplets, which in N = 1 language should be written as one graviton, one gravitino, three vector, and three chiral multiplets. From now on we will ignore the gravitino and vector multiplets, and work effectively in an N = 1 supergravity theory with a graviton multiplet (consisting of the metric and a gravitino) and three chiral multiplets (consisting of a complex scalar and a Majorana fermion each). The discussion of N = 1 supergravity is based on Chapter 18 of [32] .
For an N = 1 supergravity theory with chiral matter, the bosonic action can be written as
where K αβ is the Kähler metric, and V F is the potential. The Kähler metric can be obtained from a Kähler potential K from K αβ = ∂ α ∂βK, and the potential V F can be written in terms of the superpotential W as
where the Kähler covariant derivative is defined as
For us, the Kähler potential and Kähler metric are 8) and the superpotential is
Then using (3.7) with
we obtain
The normalization of the potential was chosen so that the AdS 4 extremum of (3.6) obtained when z α =z α ≡ 0 has radius L. It is striking that the coupled cubic W produces a decoupled V F .
In Lorentzian signature the fermionic partners of the metric and the complex fields z α are a Majorana gravitinoψ µ and three Majorana fermionsχ α , the hats signifying four-component fermions. The linearized supersymmetry variations, with supersymmetry parameterˆ also satisfying the Majorana condition, are
(see Appendix A for our conventions) where the Kähler connection A µ is given by
We can convert the fermions to two-component Weyl spinor notation by writinĝ
The Majorana condition relates the bottom spinor to the complex conjugate of the top one:
In terms of Weyl spinors, the supersymmetry variations (3.12) can be written as
One can show using the Majorana condition (3.15) that the second and fourth equations are the complex conjugates of the first and third, respectively.
Analytic continuation to Euclidean signature
As explained in detail in Appendix A, in Euclidean signature we should not impose the Majorana condition (3.15). Instead, the spinorsψ µ ,χ α , and˜ are treated as independent of ψ µ , χ α , and , respectively. Similarly, we should not require thatz α be the complex conjugate of z α , and we should allow in principle the metric to be complex. Instead of writingz α , in Euclidean signature we will writez α .
The bosonic part of the N = 1 Euclidean action is then
The supersymmetry transformations are the same as (3.16), with the only exception that we should now use the σ µ andσ µ matrices in (A.12), as appropriate for Euclidean signature. Plugging in the explicit form of the Kähler potential and superpotential from (3.8) and (3.9), we obtain
In the next section we will find BPS solutions that satisfy δψ µ = δψ µ = δχ α = δχ α = 0. 
BPS equations and
is a frame on the unit S 3 . 8 Having two functions A(r) and B(r) in the metric ansatz (5.1) is certainly redundant, but it might be helpful not to specify a gauge just yet. Later on, we will find it convenient to work in a gauge where the metric is conformally flat:
Letω ij be the spin connection on S 3 . The spin connection for the frame (5.2) is
8 In all of our supergravity calculations we consider an S 3 of unit radius. Since we keep the bulk curvature scale L explicit, the S 3 radius can be restored by dimensional analysis when reading off field theory quantities from the supergravity solutions.
The second order equations of motion that follow from extremizing the Euclidean action (4.1) are
The Hamiltonian constraint is
It can be checked that the Hamiltonian constraint is consistent with the second order equations (5.5), meaning that if it holds for a particular value of r the second order equations guarantee that it holds for all r.
Warm-up: Supersymmetry of H 4
As a warm-up, let's start by solving the BPS equations in the case where z α =z α = 0. We should find that the metric describes H 4 , and we will find the Killing spinors. The SUSY variations (4.2) become
Requiring that the two variations in (5.7) vanish, and specializing for µ = i and µ = r we obtain
˜ , 8) where the derivative ∇ i appearing in the first equation is the covariant derivative on the unit radius S 3 .
We expect and˜ to be linear combinations of Killing spinors on S 3 , with coefficients depending on r. These Killing spinors satisfy
(these are invariant under the SU (2) subgroup of the SO(4) = SU (2) × SU (2) r isometry of S 3 ) and
(these are invariant under SU (2) r ). So the eigenvalues of the matrix appearing in the first line of (5.8) should be ±1, or in other words the determinant of that matrix should be −1:
In the conformally flat gauge (5. We still need to check that all the equations in (5.8) can be solved consistently. In our gauge, (5.8) becomes
It can be checked that these equations are solved by
This is a 4-dimensional space of solutions because on S 3 there exist two linearly independent solutions to ∇ i ζ = 
BPS equations for the three-scalar system
We return to the full system of BPS conditions obtained from the vanishing of the supersymmetry variations (4.2). With our metric and frame (5.1)-(5.2), these conditions can be written as the system of equations:
We expect to find non-trivial solutions where and˜ are proportional either to the S 
. 
for some function f satisfying f (0) = 1.
Let's focus on the upper choice of signs. Denoting z α (0) = c α and using z α (0)z where r 0 is an integration constant. We can set r 0 = 1 by reparameterizing r, and we will henceforth do so. Using ( 
To summarize, for the upper choice of signs in (5.19), we obtain a three-parameter family of solutions
. These Killing spinors are the fermionic parameters of an OSp(1|2) algebra whose bosonic sub-algebra is the SU (2) r subgroup of the SO(4) ∼ = SU (2) × SU (2) r isometry group of S 3 . Within the N = 1 supergravity theory we considered, our solution therefore has SU (2) × OSp(1|2) r symmetry, where the subscript r on OSp(1|2) r means that this group contains SU (2) r as opposed to SU (2) . However, we obtained our N = 1 theory from an N = 2 truncation of N = 8 gauged supergravity, and in the N = 2 theory we have supersymmetry transformations with two independent parameters ( i ,˜ i ) with i = 1, 2, transforming in the fundamental of an SO(2) R symmetry group. Seen as extrema of the N = 2 gauged supergravity action, our backgrounds (5.26) are invariant under SU (2) × OSp(2|2) r , which justifies the label we gave to this branch of solutions in (5.26).
One can go through a similar exercise for the lower choice of signs in (5.16) to find solutions that preserve OSp(2|2) × SU (2) r . As can be seen by examining the BPS equations (5.20), one simply exchanges z α withz α in this case: c 1 c 2 c 3 r 2 ) ,z α = c α (1 − r 2 ) 1 + c 1 c 2 c 3 r 2 .
(5.28)
It is also straightforward to calculate the Killing spinors 29) which are now the fermionic parameters of an OSp(1|2) algebra containing SU (2) . In the N = 2 supergravity theory there are again two independent supersymmetry variations, and the background (5.28) is invariant under OSp(2|2) × SU (2) r .
Field theory interpretation
We now use the supergravity solutions (5.26) and (5.28) presented in the previous section to calculate the S 3 free energy and match the field theory result (1.2).
Supersymmetric holographic renormalization
In the discussion thus far we have neglected several issues concerning the behavior of the bulk fields at the AdS 4 boundary (in Euclidean signature the H 4 boundary) and their effect on the on-shell action. One well-known issue is that the Euclidean bulk action integral (4.1) diverges at the boundary when classical solutions of the equations of motion are inserted. The cure for this problem is to introduce a cutoff surface at large distance and add counterterms to make the action finite. The theory of holographic renormalization [33] provides a systematic prescription for these counter-terms, but the possibility of finite counter-terms is left open. Finite counter-terms and related issues are especially important in our problem because the classical BPS gravity solution must be dual to the deformed ABJM theory, which possesses global N = 2 supersymmetry on S 3 .
It is an axiom of the AdS/CFT correspondence that the classical solutions of the gravity theory provide sources and expectation values for operators in the dual boundary QFT. This information is contained in the asymptotic behavior of bulk fields. To be more specific we consider the H 4 metric in the form
We have made the change of coordinates r = tanh(ρ/2), so that e 2A(ρ) = sinh 2 ρ. We will introduce below a similar radial coordinate for the metric (5.25) of our bulk solution. In the ρ coordinate, any solution of the bulk equations of motion of the massless scalars of the gravity theory behaves near the boundary as
where x denotes the coordinates on S 3 . In simpler applications of AdS/CFT, the leading coefficient a α (x) is the source for the dual operator in the field theory while b α (x) determines the expectation value. However, for massless scalars this assignment is ambiguous, and we will use global supersymmetry to determine the correct choice.
As originally noted in [27] , it turns out that supersymmetry requires the use of regular boundary conditions for some scalars and irregular boundary conditions for others. When irregular boundary conditions are needed, the AdS/CFT dictionary requires [28] that a Legendre transformation of the on-shell action be used to calculate quantities in the dual QFT.
In our problem, since we now introduce a spacetime boundary, we should supplement the Einstein-Hilbert action by the well-known Gibbons-Hawking term
where h is the determinant of the induced metric h ij (x, ρ) at the cutoff ρ = ρ max , and
h is the trace of the extrinsic curvature. This boundary term is needed in order to properly define the variational problem for the metric. Holographic renormalization prescribes that two additional counterterms should be added to the classical action: a counterterm associated with the curved boundary surface, and a counterterm required because massless scalars are present:
where R is the Ricci scalar of h ij . For our situation (6.1), the metric diverges at the rate L 2 e 2ρ /4 as ρ → ∞ and R = 24e −2ρ /L 2 . As required by holographic renormalization, these counterterms are local functionals of the fields at the cutoff surface. The sum of the bulk action in (4.1), with radial integral cut off at ρ = ρ max and the boundary terms,
remains finite as ρ max → ∞ for any solution of the Euler-Lagrange equations of motion of the gravity theory. Indeed, the counterterms S a and S b are obtained by implementing this requirement, a procedure known as "near-boundary analysis." See [34] or Section 23.11 of [32] .
Although well defined, the action S of (6.6) is not satisfactory unless the counterterm S b is replaced by
The reason for this change is discussed in Appendix B. It is needed to satisfy global supersymmetry for flat-sliced domain walls, and it is required here as well because both flat-and S 3 -sliced domain walls are solutions of the same classical theory. The renormalized on-shell action is then defined as
Inserting the specific Kähler potential and superpotential (3.9) and expanding at small z α andz α , we rewrite S SUSY as
in which terms which vanish as ρ max → ∞ have been dropped. We see that S b and S SUSY differ by the cubic term in the scalars. The difference makes a finite contribution to S ren in the limit ρ max → ∞. The AdS/CFT match of the free energy, toward which we are working in this section, depends crucially on the inclusion of S SUSY .
A second argument in favor of the counterterm S SUSY emerges from a study of supersymmetric boundary conditions. At large values of ρ, the SUSY transformations of the bulk supergravity theory relate the asymptotic coefficients for the scalar fields z α ,z α in (6.2) to the analogous coefficients for the spinors and to each other. As shown in Appendix C, bulk supersymmetry transformations relate the combinations
(separately for each α = 1, 2, 3) as well as the sets
From the viewpoint of the AdS/CFT dictionary, the boundary behavior (6.2) encodes sources and VEVs in the dual field theory. A supersymmetric treatment in the framework of holography requires that we should either take the quantities in (6.10) to be sources and those in (6.11) to be VEVs, or the other way around. 9 Since sources and VEVs are canonically conjugate variables, we would therefore like the canonical conjugate of a α to be proportional tob α − a 1 a 2 a 3 /a α and that ofã α to be proportional to b α −ã 1ã2ã3 /ã α . This is what the renormalized action (6.8) accomplishes:
where we denoted the determinant of the metric g s ij on the unit S 3 by g s . Any additional finite counter-terms cubic in z α andz α would generate additional terms in (6.12) that are quadratic in a α andã α . The special role of the counter term S SUSY is thus evident in the result.
AdS/CFT dictionary
The discussion at the end of the previous subsection did not make any assumptions as to whether the coefficients in (6.10) or those in (6.11) should be treated as field theory sources or VEVs. From now on we do make such a choice: We consider the coefficients in (6.10) to correspond to field theory sources and those in (6.11) to correspond to VEVs for the following reason. In Lorentzian signature where z α andz α are complex conjugates of each other, our convention was that the real part of z α is a scalar and the its imaginary part is a pseudo-scalar. The bulk scalars are dual to the boundary scalar operators O α +b α and a α −ã α , respectively, at least when all the sources are small. We interpret the fact that b α +b α should be modified to the expression in (6.10) as a non-linear effect required by supersymmetry.
In order to read off (a α ,ã α , b α ,b α ) more easily, let us now change coordinates in our solutions (5.26) and (5.28) to the gauge B = 0 (see (5.1)) where the metric takes the asymptotic form in (6.1). There is no simple analytic formula for this change of coordinates, but we can use the following asymptotic expansion close to the boundary 6.13) such that the metric (5.25) takes the form
(6.14)
For the SU (2) × OSp(2|2) r branch of solutions (5.26) we then have
while for the OSp(2|2) × SU (2) r branch the expressions for z α andz α in (6.15) are interchanged. By comparison of the asymptotic forms (6.15) and (6.2) it is easy to read off the values of (a α ,ã α , b α ,b α ). We can then calculate the values of the sources in (6.10): 16) where the upper sign corresponds to the branch (5.26) and the lower sign corresponds to (5.28). Here, we reintroduced the sphere radius a using dimensional analysis: the boundary field theory pseudo-scalars sourced by the first line in (6.16) have scaling dimension two, while the scalars sourced by the second line in (6.16) have scaling dimension one. The simplification in the second line of (6.16) obtained after the inclusion of the quadratic terms in a α andã α is quite remarkable.
To compare with the field theory, we should identify the parameters δ α that are related to the R-charges of the bifundamental fields through (2.2) as
where n is a so-far undetermined normalization constant. Such undetermined normalization constants usually appear in the AdS/CFT dictionary because in most cases there is no clear way of relating the normalization of the bulk field to that of the dual operator. As we will see below, the supergravity backgrounds in this paper allow the determination of n.
Note that, up to a dimensionless factor, we can interpret the quantities
3 /a α as background values for the scalar fields σ α and D α that are part of three (off-shell) background vector multiplets coupled to the boundary theory that we defined in section 2.2. In order to preserve SUSY on the boundary we must have 10 σ α = ±iaD α . Using (2.14) and (6.17), we find
These expressions agree indeed with (6.16) up to a proportionality constant.
The S 3 free energy
Evaluating the action (6.8) on the solutions (5.26) and (5.28), one obtains
The finite counter-term S SUSY that we included in (6.8) is crucial for obtaining this expression; without it, the second fraction in (6.19) would be raised to the third power.
It is not I that one should compare with the field theory F because the choice of sources in (6.10) or (6.11) involves using the alternate quantization introduced in [28] where for some fields one does not pick the leading coefficient at the boundary to correspond to a source, but instead its canonically conjugate variable. The quantity I would be the S 3 free energy of the field theory where the sources are a α andã α . Instead, we want the S 3 free energy in the theory where the sources are (6.10), which is just the Legendre transform of the on-shell action with respect to a α +ã α . We therefore have
For our solutions, using (6.12) and the asymptotics (6.2) and (6.15), we get
(6.21)
The pre-factor πL 2 /2G 4 in this expression equals the value of F for the superconformal ABJM theory at level k = 1 in the large N limit, √ 2πN 3/2 /3 [35, 36] . Using this identification, as well as the relation between the R-charges of the bifundamental fields and the c α as given by (6.17) and (2.2), one finds that (6.21) agrees with the field theory result (1.2) for n = 1/2. This match is one of the main results of this paper. It is remarkable how when one uses (6.17) with n = 1/2, the quantity under the square root in (1.2) becomes a perfect square and (1.2) matches the expression (6.21), which has no square roots.
Discussion
In this paper we found new analytical backgrounds of N = 8 gauged supergravity in four Euclidean dimensions by solving the BPS equations for an N = 1 truncation of the N = 8 theory whose bosonic part consists of the metric and three complex scalar fields. These solutions, which are given in (5.26) and (5.28), are asymptotically H 4 , and when embedded into the N = 8 theory they generically preserve N = 2 supersymmetry. They are dual to deformations of the superconformal ABJM theory at Chern-Simons level k = 1 on S 3 corresponding to the most general choice of the N = 2 U (1) R symmetry. Equivalently, they correspond to the ways of coupling the k = 1 ABJM theory, seen as an N = 2 theory, to curvature while preserving an OSp(2|2) × SU (2) symmetry. On the field theory side, the S 3 free energy F was computed in [18] starting from the supersymmetric localization results of [17] and using the matrix model techniques developed in [36] . We match this result with a supergravity calculation, as we show in section 6. In obtaining this match, it is important that we perform holographic renormalization in a way consistent with supersymmetry, and that we take a Legendre transform of the on-shell supergravity action. Our computation provides a way of finding the precise normalization of the field theory operators corresponding to the bulk supergravity scalar fields in our setup.
It is perhaps worth describing the simplest supergravity backgrounds we find. If we take c 2 = c 3 = 0 in (5.26) and (5.28), we find that only z 1 (in (5.26)) orz 1 (in (5.28)) do not vanish. These solutions are particularly simple because the scalar fields do not backreact on the metric. The absence of the back-reaction is due to the fact that the stress tensor involves products of z 1 andz 1 (or of their derivatives), as obtained by continuing to Euclidean signature the Lorentzian stress tensor in which z 1 andz 1 are each other's complex conjugates; since either z 1 orz 1 vanishes, the stress tensor vanishes too, and by the Einstein equations the metric is just H 4 . More specifically, the case wherez 1 = 0 is
Even though the metric is H 4 , there is no conformal symmetry because z 1 depends nontrivially on the H 4 coordinates. In Lorentzian signature, a situation where the metric is AdS 4 but the matter fields break the SO(3, 2) symmetry would be impossible, because any complex scalar with a non-trivial profile in the AdS 4 directions produces a non-vanishing stress tensor.
For a superconformal field theory dual to AdS 4 × Y , where Y is a seven-dimensional Sasaki-Einstein space, it was shown in [36] that the S 3 free energy is given by
For ABJM theory at level k = 1, we have Y = S 7 . Using Vol(S 7 ) = π 4 /3, it is not hard to see that (7.2) matches (1.2) when the R-charges have the superconformal values
An interesting observation of [18, 37] was that, in fact, (7.2) continues to hold away from the superconformal values of the R-charges provided that one computes Vol(Y ) using a Sasakian metric on Y that is not Einstein. The volumes of these Sasakian metrics can be taken to be parameterized by the R-charges R[Z a ] and R[W b ], computed now as volumes of certain five-cycles of Y . There is so far no known explanation of this observation. It would be interesting to see whether the Euclidean supergravity solutions constructed in this paper can be lifted to eleven dimensions, and whether the lift would illuminate why (7.2) still holds away from the superconformal point.
As is well known, the gauge/gravity duality provides a valid description of the dual quantum field theory in a strong coupling limit, a limit in which traditional field-theoretic methods usually cannot be applied. In the example considered in this paper, the field theory results of [18] were made possible by the method of supersymmetric localization, which was quite powerful even at strong coupling and in the absence of conformal symmetry. Thus the agreement we have found between the two sides of the duality is unusually precise and quantitative.
A Conventions and Euclidean supersymmetry
In this Appendix we explain our conventions, and comment on the Euclidean continuation of supersymmetric (3 + 1)-dimensional theories in flat space. We focus on theories with global supersymmetry because going from global to local supersymmetry in Euclidean signature doesn't pose any additional challenges relative to the ones in Lorentzian signature. The results presented in this section are not new. They are implicit, for example, in the recent work [29] .
A.1 Lorentzian signature conventions
Our Lorentzian signature conventions are the same as those in [32] . As in Chapter 3 of [32] , we define the four-dimensional gamma matrices to be
where σ i are the three Pauli matrices. These matrices satisfy the following two useful relations:
The left and right projectors are P L = (1 + γ 5 )/2 and P R = (1 − γ 5 )/2, where γ 5 is given by
In [32] , supersymmetric theories in 3 + 1 dimensions are constructed using Majorana spinors. 11 The Majorana condition on a Dirac spinorχ isχ = B −1χ * , where
Writingχ in Weyl formχ = χ χ , (A.5) 11 We treat all spinor fields and parameters as anti-commuting.
the Majorana condition impliesχ
The Dirac adjoint is defined asχ =χ † iγ 0 . The result
is helpful to convert 4-component expressions to Weyl form.
As an example, the Lagrangian of a massive Majorana fermion can be written in Weyl components as
As another example, the gravitino Lagrangian is
where we used γ µνρ = −i µνρσ γ 5 γ σ and 0123 = −1. The Weyl decomposition is
Note that a feature of this notation (which persists in the Euclidean version below) is that no special concern is needed for up/down or dotted/undotted spinor indices.
A.2 From Lorentzian to Euclidean signature
We use a very straightforward method to define the Euclidean version of any 4-dimensional Lorentzian signature field theory. There are three steps:
1. Rewrite the Lorentzian theory in terms of two-component Weyl spinors. This allows us to treat Lorentzian theories with either Dirac or Majorana spinors.
Continue the time components of vectors as
After this is done, the Lorentzian and Euclidean actions are related by exp iS Lor = exp −S Euc .
3. Require that the resulting action, transformation rules, and equations of motion are invariant under the spacetime isometry group SO(4), which is implemented as SU (2) L × SU (2) R .
Euclidean symmetry is the guiding principle. To discuss its application to spinors we define Euclidean "Weyl matrices" by 12) where the σ i are again the Pauli matrices. 12 As in the Lorentzian case, the two sets of matrices are related by
Let y µ be a real 4-vector and define the matrix
which is an imaginary scalar multiple of a finite element of SU (2) . Note that det Y = − µ y µ y µ , and that the vector components can be obtained from Y as the trace
Let the pair of matrices (U, V ) denote an element of SU (2) L × SU (2) R . The transformation
defines a linear map that takes Y into Y , which is another matrix of the same type. Since the determinant is invariant and SU (2) is a connected group, the vector y µ is related to y µ by y µ = Λ µ ν y ν , where Λ is a matrix of SO(4). Indeed, the map (A.16) defines a homomor-
The Majorana spinor Lagrangian (A.8) looks essentially the same in Euclidean signature
but it is now interpreted as a Euclidean Lagrangian withσ µ given in (A.12). The kinetic term is invariant provided that spinors transform as
12 In flat Euclidean space, there is no distinction between upper and lower vector indices. 13 When V = U , the corresponding SO(4) transformations fix the component y 4 of y µ , while transformations with V −1 = U correspond to "boosts" involving y 4 .
The mass terms in (A.17) reduce to the standard SU (2) invariant form, e.g.
The reason thatχ cannot be interpreted as the Hermitian conjugate of χ now emerges; they transform in non-conjugate representations of SO(4). The spinor χ transforms in the (1/2,0) representation of SU (2) L × SU (2) R , andχ transforms in the (0,1/2) representation. Thus we treat χ andχ as independent fields in the Euclidean theory.
The equations of motion which follow from (A.17) arē
To derive the second equation we used (A.13). Combining these two equations we obtain
The sign of the m 2 term is the same as for a massive scalar field in Euclidean space, as it should be. (Note that the propagators of massive Euclidean fields have no poles.)
A.3 Euclidean Supersymmetry
The next step is to study Euclidean supersymmetry. To stimulate book sales we start with the component form of the N = 1, D = 4 theories discussed in Chapter 6 of [32] . The conventions there are modified as follows:
1. Scale the SUSY parameters of [32] by → √ 2 .
2. Since there are no Majorana spinors in the Euclidean theory, the formulas of [32] must be rexpressed in the Weyl spinor formalism using Appendix A above.
We then use the procedure outlined in Appendix B. The Euclidean versions of the supersymmetry and supergravity theories needed in the main part of this paper were obtained by this method.
We now give two simple examples that we will also use later on in Appendix D. The first is that of an off-shell U (1) vector multiplet, which in Lorentzian signature consists of a gauge field A µ , a Majorana fermionλ, and a real auxiliary scalar D. The Lorentzian Maxwell action is (see (6.48) of [32] with λ →λ/ √ 2)
In Euclidean signature, we formally allow A µ and D to be complex, and consider the Weyl components (λ,λ) ofλ (see (A.5)) to be independent. The Euclidean Maxwell action is therefore
Both (A.22) and (A.23) are invariant under the transformation rules
which can be found by writing the transformation rules given in (6.49) of [32] in Weyl components. These transformation rules are correct in both Lorentzian and Euclidean signature provided that one uses the Weyl matrices in (A.1) in Lorentzian signature and (A.12) in Euclidean. The Lorentzian theory requiresλ = (iσ 2 )λ * and˜ = (iσ 2 ) * , but in the Euclidean theory we should takeλ and˜ to be independent from λ and .
As a second example, we study a massless N = 1 chiral multiplet charged under a U (1) vector multiplet. In Lorentzian signature, the chiral multiplet fields are a complex boson Z, its complex conjugateZ =Z, a Majorana fermionχ, and a complex auxiliary boson F and its complex conjugateF =F . The action is given in (6.58) and (6.59) of [32] :
The covariant derivatives appearing in this expression are
Passing to Weyl components and performing the Euclidean continuation, we obtain the Euclidean action
The transformation rules are obtained from (6.62) and (6.63) of [32] :
As in the case of the vector multiplet, these transformation rules are equally valid in both Lorentzian and Euclidean signature, provided that one uses (A.1) in Lorentzian signature and (A.12) in Euclidean. Furthermore, in Lorentzian signature we should impose the reality conditionsZ =Z,F =F ,χ = (iσ 2 )χ * , and˜ = (iσ 2 ) * , but these reality conditions are formally relaxed in Euclidean signature.
B BPS form of flat-sliced domain wall action
In this section we put the action for a flat-sliced AAdS 4-dimensional domain wall into the Bogomolny form of a sum of squares plus surface term. The first order differential equations which appear as factors in the square terms then become the BPS equations for the domain wall and the surface term becomes the counter term needed for the on-shell action. We work in Lorentzian signature.
We write the domain wall metric as
It is straightforward to work out the scalar curvature for an arbitrary bulk dimension D:
After partial integration the gravitational action becomes:
3)
The surface term that is dropped vanishes exponentially at the AdS boundary. If evaluated at a finite cutoff r = r max , it is canceled by the Gibbons-Hawking boundary term present in the action.
For a general N = 1 Kähler σ-model coupled to gravity with potential of the form (3.7), we find
Note that each factored term and the surface term are invariant under Kähler transformations
. We see that the action is stationary if the first order flow equations we now write are satisfied:
These are the BPS equations for general flat-sliced domain walls.
On-shell, when the BPS equations are satisfied, the action (B.4) is given by the total derivative term. At the boundary cutoff, we find
Since e A(r) ∼ e r/L as r → ∞, L being the AdS scale, the surface term is divergent with cubic leading divergence. We must add a counterterm to cancel the divergence at the boundary in order to construct the renormalized on-shell action. The formalism of holographic renormalization requires that the counterterm is a local function of the supergravity fields, evaluated at the cutoff, but this prescription allows unspecified finite local counterterms. In this case, we must resolve this ambiguity by choosing the counterterm S ct = −S cutoff , so that the renormalized on-shell action of a BPS domain wall vanishes. Otherwise the expectation value T µν of the stress tensor in the state of boundary QFT dual to the bulk BPS configuration would not vanish, in violation of global supersymmetry. To obtain correlation functions in the boundary field theory, we need to consider the more general bulk configuration of BPS domain wall plus fluctuations. In this case the renormalized on-shell action does not vanish. However, as an example in five bulk dimensions shows [34, 38] , it is necessary to include the counterterm above, evaluated in the more general configuration, or otherwise correlation functions may have unphysical properties.
In this paper we are primarily interested in S 3 -sliced domain walls, rather than flat-sliced. The Bogomolny argument fails in this case, and the renormalized action of the domain wall configuration does not vanish. However, the counterterms of holographic renormalization have a "universal" structure. They must be valid for all solutions of the classical field equations of a given bulk theory. Therefore we include the same counterterm above in the calculation of the on-shell action in Section 6.
C The boundary limit of bulk SUSY
The main goal of this Appendix is to understand how bulk SUSY transformations act on the coefficients (a α ,ã α , b α ,b α ) defined through (6.2). A similar analysis was performed in [26] in a slightly simpler situation in Lorentzian signature.
It can be checked that the coefficients (a α ,ã α , b α ,b α ) mix only with the coefficients of the leading asymptotic terms e −3ρ/2 and e −5ρ/2 in the expansions of the bulk gauginos χ α andχ α . In particular, they don't mix with the gravitino and they don't back-react on the metric. We therefore work with the H 4 metric given in (6.1) (with radial coordinate ρ).
The bosonic action (4.1) must be supplemented by its fermionic counterpart. The full action can be found in Chapter 18.1 of [32] and is fairly complicated. Only a limited number of fermionic terms, namely the kinetic and mass terms for the bulk gauginos, are relevant for the near boundary analysis we are about to perform, the rest being suppressed. In Lorentzian signature, the quadratic action for the bulk gauginos is in four-component notation
The Kähler metric K αβ and other target space data we need are given in (3.8)-(3.10). The mass matrices can be obtained from the superpotential via
Since we are only interested in the asymptotic expansion at large ρ where the scalars are small, we can expand both the Kähler metric and the mass matrices at small values of the fields. Using the Kähler metric (3.8) and the superpotential (3.9), we find These equations hold both in Lorentzian and Euclidean signature, provided that one uses the appropriate form of the gamma matrices. For the Euclidean case where the metric is (6.1), expanding these equations at large ρ, we find χ 1 (ρ, x) = γ 1 (x)e −3ρ/2 − i 2 / ∇γ 1 (x) +ã 2 (x)γ 3 (x) +ã 3 (x)γ 2 (x) e −5ρ/2 + . . . , χ 1 (ρ, x) =γ 1 (x)e −3ρ/2 + i 2 / ∇γ 1 (x) + a 2 (x)γ 3 (x) + a 3 (x)γ 2 (x) e −5ρ/2 + . . . , (C.5)
as well as similar relations obtained by cyclic permutations of the 123 indices. Here, / ∇ is the Dirac operator on the unit S 3 , and γ α (x) andγ α (x) are spinor-valued integration constants that depend only on the coordinates on S 3 . These equations are the fermionic analog of (6.2).
Bulk supersymmetry transformations will mix together (a α ,ã α , b α ,b α , γ α ,γ α ). The expressions for the supersymmetry variations of the bulk gauginos were given in (4.2). They should be supplemented by the supersymmetry variations of the bosons:
The boundary expansion of the bulk Killing spinors in the case where they are proportional to the left-invariant S 3 Killing spinors ζ is This expression follows from (6.13) combined with either (5.14) or (5.27) (up to an unimportant normalization constant). Using the transformation rules and (C.7), we find
(C.8)
These are the sought for asymptotic transformation rules! They can be regrouped into the form δ(a 1 ∓ã 1 ) = i γ 1 ± iγ 1 ζ , 9) which shows that the asymptotic constants of the bulk fields split into two sets (corresponding to the upper and lower signs) by the action of the SUSY transformations. We take the combinations with the upper signs to correspond to field theory sources and the ones with lower signs to correspond to VEVs.
A similar analysis can be performed for the case where the bulk Killing spinors are proportional to the right-invariant S 3 Killing spinors ξ. We have (ρ, x) = e ρ/2 + e −ρ/2 + · · · ξ(x) , (ρ, x) = −i e ρ/2 − e −ρ/2 + · · · ξ(x) , (C.10) which up to normalization follows from a large ρ expansion of (5.29). We find 
(C.12)
We again see that the SUSY transformations split the integration constants into the same two sets as above, corresponding to the upper and lower signs.
The SUSY transformations given above are for an OSp(1|2) subgroup of OSp(2|2). To find the N = 2 transformations we should consider two independent SUSY parameters ζ i (or ξ i ), with i = 1, 2, and consider a second set of bulk gauginos that were ignored in the N = 1 supergravity theory. The coefficients γ α andγ α therefore become γ α i andγ α i , where the extra index i labels which bulk gaugino they correspond to.
D Global SUSY invariance of Chern-Simons-matter theories
In this Appendix we review the SUSY properties of U (1) Chern-Simons theory on S 3 coupled to a chiral multiplet with electric charge q = +1. These properties are discussed in detail in [17] , but we repeat them in our conventions, because details are needed to establish the relation between the boundary behavior of bulk supergravity theory and the dual perturbed ABJM theory.
The theory on S 3 is obtained from the globally supersymmetric N = 1, D = 4 theory in Lorentzian signature, by analytic continuation to flat Euclidean R 4 (as was done in Appendix A.3), followed by dimensional reduction to R 3 . We then construct the theory on S 3 by inserting the corrections necessary for SUSY when the constant spinors ,˜ of the R 3 theory are replaced by the left-invariant Killing spinors on S 3 , which satisfy
The dimensional reduction procedure defines the matter action with its coupling to the gauge multiplet. The Chern-Simons Lagrangian, which describes the free dynamics of the gauge multiplet, is intrinsically three-dimensional. We find its form by requiring SUSY invariance under the transformation rules obtained by the procedure above.
We start with the four-dimensional actions and Euclidean transformation rules presented in Appendix A.3. We dimensionally reduce to 3d along the 4th direction by dropping the dependence of all the fields and SUSY parameters on x 4 . In performing the dimensional reduction, we denote the fourth component of the gauge field A 4 = σ. Note that our conventions (A.26) on the gauge covariant derivatives are opposite to those of [17] .
are proportional to and˜ , respectively, we have
(D.5)
Writing the supersymmetry variations in terms of the supercharges: where J i is an SU (2) r isometry, q is the gauge charge, and R is the R-charge. For the free chiral multiplet (Z, χ, F ), the gauge charge is +1 and the R-charges are (1/2, −1/2, −3/2). The anti-chiral multiplet (Z,χ,F ) has opposite gauge and R-charges.
The anticommutators in (D.7), as well as the entire discussion in this Appendix, involves the odd generators of OSp(2|2) r , whose bosonic part contains the SU (2) r subgroup of the SO(4) ∼ = SU (2) × SU (2) r isometry of S 3 . One can repeat this discussion by using OSp(2|2) ⊃ SU (2) to couple the flat space theory to curvature, which amounts to sending a → −a in all the above formulas. In particular, the Killing spinors (D.1) would now be right-invariant.
